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(Dated: October 3, 2018)
Perturbative quantities, such as the growth rate (f) and index (γ), are powerful tools to distinguish
different dark energy models or modified gravity theories even if they produce the same cosmic
expansion history. In this work, without any assumption about the dynamics of the Universe, we
apply a non-parametric method to current measurements of the expansion rate H(z) from cosmic
chronometers and high-z quasar data and reconstruct the growth factor and rate of linearised density
perturbations in the non-relativistic matter component. Assuming realistic values for the matter
density parameter Ωm0, as provided by current CMB experiments, we also reconstruct the evolution
of the growth index γ with redshift. We show that the reconstruction of current H(z) data constrains
the growth index to γ = 0.56± 0.12 (2σ) at z = 0.09, which is in full agreement with the prediction
of the ΛCDM model and some of its extensions.
PACS numbers: 98.80.-k, 95.36.+x, 98.80.Es
I. INTRODUCTION
The cosmic acceleration, first inferred from type Ia su-
pernovae (SNe Ia) observations in the late 1990s [1, 2],
cannot be explained in the framework of the General
Relativity (GR) with the material content of the Uni-
verse satisfying the strong energy condition.This in turn
poses a major challenge for theoretical physics and has
led physicists to hypothesize the existence of dark energy
(DE), a negative pressure energy component which dom-
inates the energy content of the universe at present (for
a review, see [3]).
In order to achieve cosmic acceleration, GR equa-
tions for a homogeneous and isotropic universe require
w < −(Ωm0/3ΩDE,0 + 1/3), where w is the ratio between
the dark energy pressure to its energy density, and Ωm0
and ΩDE,0 stand for the present-day density parameters
of the clustered matter and of the dark energy, respec-
tively. Since very little is known about the nature of
this DE field (e.g., it is unclear if its energy density is in
fact time-independent), alternative explanations for cos-
mic acceleration have been suggested. These are mainly
based on modification of gravity at large scales and ex-
amples of them include scalar-tensor gravity [4], f(R)
theories [5, 6], higher dimensional braneworld models [7],
among others (an extensive list of DE models and mod-
ified gravity theories is discussed in [8] and references
therein).
From the observational point of view, it is well known
that the accuracy of present background observations
– e.g., measurements of luminosity and angular diame-
ter distances and of the cosmic expansion rate – is not
enough to distinguish between DE models and scenarios
of modified gravity. In reality, even for highly accurate
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data, it is not possible to decide which one gives the
best description of the Universe because different models
can produce the same cosmic expansion and, therefore,
the same background observables. However, the exist-
ing degeneracy at the background level can be lifted by
the study of the growth of matter density perturbation,
δ [34]. As well known, in theories of modified gravity the
growth rate for δ is usually different from that predicted
by general relativistic models, with the effective gravita-
tional constant Geff , which appears in the source term
driving the evolution of δ, changing significantly relative
to the Newton’s gravitational constant G, usual in the
GR regime.
On the other hand, given the large number of com-
peting cosmological models and the inherent difficulties
of distinguishing between them, parametric and non-
parametric methods have been developed with the aim
of obtaining independent information about the physics
behind cosmic acceleration from observations (see [9–
21] and references therein). In this paper, we apply
a non-parametric method, namely, Gaussian processes
(GP) [15, 16], to a set of observational data to recon-
struct the growth factor, g, and rate, f , of linear per-
turbations and the growth index, γ, following closely
the treatment developed in Ref. [22]. In our analysis
we use cosmological model-independent measurements of
the cosmic expansion rateH(z) lying in the redshift range
0.070 ≤ z ≤ 2.34. Currently, most of the H(z) data
available come from measurements of age differences of
the so-called cosmic chronometers, i.e., passively evolv-
ing galaxies at different z [23], whose uncertainties are
around 10%-15% [24–28]. Estimates of the expansion
rate have also been obtained from the three-dimensional
correlation function of the transmitted flux fraction in the
Lyα-forest of high-z quasars, as reported in Refs. [29–31].
In particular, the application of this latter technique to a
large sample of quasars provided measurements of H(z)
within ∼ 3% accuracy at z ' 2.3, which imposes tight
bounds on cosmological parameters when combined with
current H0 measurements and other cosmological data
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2sets (see [32] for a recent analysis). From a subsample
of the currently available H(z) data, we reconstruct per-
turbative quantities from background observations and
investigate possible tensions between current data and
the DE models predictions.
This paper is organised as follows: in Sec II we sum-
marise the treatment developed in Ref. [22] introducing
the basic expressions that govern the matter perturba-
tion growth and the related quantities. We discuss the
observational data and the non-parametric method used
to reconstruct the cosmic history in Sec. III. In Sec. IV
we present the reconstructed functions of the perturba-
tive quantities and discuss their compatibility with the
standard cosmological description. We end this paper by
summarizing the main conclusions in Sec. V.
II. MATTER PERTURBATION EQUATIONS
The scalar perturbations of a flat Friedmann-Lemaitre-
Robertson-Walker (FLRW) metric are characterised, in
the longitudinal gauge, by the line element
ds2 = (1 + 2Φ)dt2 − (1− 2Ψ)a2(t)d~x2 , (1)
where Φ and Ψ are the gauge invariant potential and
curvature perturbation, respectively. In GR these quan-
tities are equal if we neglect any anisotropic stress which
could, for instance, be produced by primordial neutri-
nos1. On sub-Hubble scales, the potencial satisfies the
Poisson equation
∇2Φ = 4piGa2ρmδ , (2)
where
δ(~x, t) ≡ ρ(~x, t)− ρ(t)
ρ(t)
(3)
is the non-relativistic matter density contrast.
Assuming GR and a background filled with matter and
an unclustered component of DE covariantly conserved,
the linearised matter density contrast satisfies the second
order differential equation
δ¨ + 2Hδ˙ − 4piGρmδ = 0 . (4)
The covariant conservation of the matter energy-
momentum tensor implies ρm ∝ (1 + z)3. Using this
result and the definition of the dimensionless physical
distance given by
D = H0
∫ t0
t
dt
a(t)
= H0
∫ z
0
dz1
H(z1)
, (5)
1 If we consider anisotropy stress, then ∇2(Φ + Ψ) 6= 0, mimicking
some models of modified gravity. In our analysis we assume that
the dark energy component does not have anisotropic stress and
does not couple to matter.
Eq. (4) can be rewritten as [22]:(
δ′
1 + z(D)
)′
=
3
2
Ωm0δ , (6)
where a prime denotes derivative with respect to D and
Ωm0 is the matter density parameter at the present time.
The solution of the Eq (6) can be written in terms of a
set of integral equations as follows [22, 33]:
δ(D) = 1 + δ′0
∫ D
0
[1 + z(D1)]dD1 (7a)
+
3
2
Ωm0
∫ D
0
[1 + z(D1)]
(∫ D1
0
δ(D2)dD2
)
dD1 ,
δ′(D) = δ′0[1 + z(D)] (7b)
+
3
2
Ωm0[1 + z(D)]
∫ D
0
δ(D1)dD1 .
In order to solve the previous set of integral equations
one needs to assume a value for Ωm0. In our analysis, we
adopt two different estimates of this quantity, as provided
by Planck and WMAP collaborations (see Sec. IV). Also,
we fix the two integration constants to obtain a unique
solution of the Eq. (6). The first one δ0 = δ(z = 0) is im-
plicitly fixed by Eq. (7b) since the solution is normalised
to its value today, i.e., δ0 = 1 whereas the second one,
δ′0 = δ
′(z = 0), is fixed with the requirement that the
behaviour of the density contrast at high redshift must
be proporcional to a. In practice, however, it is easier to
fix δ′0 analysing the growth factor, defined as
g(z) ≡ (1 + z)δ(z) . (8)
A unique solution for Eq. (6) implies that the cos-
mic expansion history in GR determines univocally the
matter density contrast as pointed out in Refs. [34, 35].
Therefore, we can perform an indirect determination of
δ reconstructing the Hubble parameter from the H(z)
data. As shown in Ref. [36] the inverse problem, i.e.,
the determination of cosmic expansion as a function of
the density contrast, H(z) = H(δ(z)), has an analytical
solution given by
H2(z) = 3Ωm0H
2
0
(1 + z)2
(dδ/dz)2
∫ ∞
z
δ|dδ/dz|
1 + z
dz. (9)
The growth rate of linear perturbations is defined as
f(z) ≡ d ln δ
d ln a
= − (1 + z)H0
H(z)
δ′
δ
. (10)
Note that the values of the growth rate obtained by solv-
ing the above equation via reconstruction of H(z) consti-
tute an independent estimate of this quantity as inferred
from the matter power spectrum or weak gravitational
lensing data [37]. A tension between them would be an
evidence of non-standard cosmology where the Eq. (4) is
not valid. If this is the case, it would imply that:
3• The Universe is not correctly described by a flat
FLRW metric. For instance, in the case of a non-
flat and inhomogenous universe the Poisson equa-
tion is modified, as shown in Ref. [38].
• The evolution of the matter density is not pro-
portional to (1 + z)3. It implies that the matter
energy-momentum tensor is not covariantly con-
served. Typical examples are models with decaying
of dark energy into dark matter or vice versa [39].
• The GR is not valid and it needs to be modified or
the DE is clumping and its effect has to be taken
into account. In both cases, it would be possible
to define an effective gravitational function, G →
Geff which can depend on the scale and time [40–
42].
The growth index is written as [43–45]
γ =
d ln f(z)
d ln Ωm(z)
, (11)
where
Ωm(z) ≡ Ωm0(1 + z)
3H20
H2(z)
, (12)
is the matter density parameter as a function of redshift.
As mentioned earlier, the growth rate and growth index
constitute key quantities to distinguish between modified
gravity and DE models [34, 40]. For instance, γ = 6/11
for ΛCDM [45, 46], γ = 11/16 for the so-called DGP
scenarios [46] and lies in the interval 0.40 < γ < 0.43
[40] for the f(R) model proposed in Ref. [6]. For non
clustering DE models, γ is related to a slowly evolving
DE equation-of-state w through γ ' 3(w−1)6w−5 [34].
III. DATA AND HUBBLE PARAMETER
RECONSTRUCTION
A. Data
Currently, there are different approaches to measure
directly the expansion rate of the Universe. One of them
is based on the determination of the age difference be-
tween passively evolving galaxies at approximately the
same redshift and known as cosmic chronometers [23].
This information (redshift and age) provides H(z) '
−∆z/∆t(1 + z), where ∆t is the difference between the
age estimates of two galaxies whose redshifts differ by ∆z.
Presently, there are 23 measurements of H(z) using the
differential age approach [24–28]. This method is cosmo-
logical model-independent but there can be dependence
on stellar population synthesis models at high redshift.
In our analysis, we follow the arguments of Ref. [47]
and consider 15 H(z) measurements up to z ' 1.04. We
also increase slightly (20%) the error bar of the highest-z
z Hobs(z) [km s
−1 Mpc−1] Ref.
0.100 69 ± 12 [25]
0.170 83 ± 8 [25]
0.179 75 ± 4 [27]
0.199 75 ± 5 [27]
0.270 77 ± 14 [25]
0.352 83 ± 14 [27]
0.400 95 ± 17 [25]
0.480 97 ± 62 [26]
0.593 104 ± 13 [27]
0.680 92 ± 8 [27]
0.781 105 ± 12 [27]
0.875 125 ± 17 [27]
0.880 90 ± 40 [26]
0.900 117 ± 23 [25]
1.037 154 ± 20 [27]
2.34 222 ± 7 [30]
2.36 226 ± 8 [31]
TABLE I: Measurements of the expansion rate from 15 cosmic
chronometer systems and two high-z quasar data used in the
analysis.
point to account for the uncertainties of the stellar popu-
lation synthesis models. We complement our sample with
two high-z quasar data at z = 2.34 [30] and z = 2.36 [31]
which were obtained by determining the BAO scale from
the correlation function of the Lyα forest systems (see
[29] for more details). The data set used in our analysis
is shown in Table I.
B. Gaussian Processes
A Gaussian process is the generalisation of a Gaussian
distribution of a random variable to a function space.
It constitutes a powerful method to reconstruct the ex-
pected function that describes the behaviour of a given
data. GP use a few assumptions about the character-
istics of the expected function W (z), e.g., a correlation
between the W (z) and W (z′) values, z and z′ being dif-
ferent points (see Ref. [16] and references therein for a
complete review of the method). In any case, the recon-
struction can be made without assuming a model or a
parametric function to describe the data.
This method has shown great success, being applied to
reconstruct several cosmological quantities like the DE
equation of state [16], the deceleration parameter, the
duality-distance parameter [48, 49] and to infer the Hub-
ble constant [21, 47, 50]. In GP the variation of the ex-
pected function in two different points is not independent
and it is characterised by a covariance function k(z, z′).
The covariance depends on a set of hyperparameters (non
model parameters) which determine the correlation be-
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FIG. 1: Reconstruction of the cosmic expansion (in km/s/Mpc) via Gaussian Processes from cosmic chronometer and high-z
quasar data. The black solid line corresponds to the GP reconstruction whereas the shaded regions to the 1σ and 2σ confidence
intervals. The data points represent the observational data displayed in Table I. b) The quantity H(z)/(1 + z) as a function of
z.
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FIG. 2: The evolution of the matter density parameter calculated using the reconstruction of H(z) shown in Fig. 1(a) and
current estimates of Ωm0 from the Planck (a) and the WMAP collaborations (b). The shaded regions correspond to 1σ and 2σ
confidence intervals.
tween the W (z) and W (z′) values. The fact that the
H(z) parameter must be infinitely differentiable allows
us to choose a Gaussian covariance given by:
k(z, z′) = σ exp
(
− (z − z
′)2
2l2
)
, (13)
where σ and l are the so-called hyperparameters related
to typical changes in the function values and to the length
scale between two points z and z′, respectively. In or-
der to perform the non-parametric reconstruction of the
cosmic expansion history we use the code Gaussian Pro-
cesses in Python2 applied to the H(z) data presented in
2 http://www.acgc.uct.ac.za/∼seikel/GAPP/index.html
Table I (we refer the reader to [15] for more details on
GP).
IV. RESULTS
For the best-fit values of the GP hyperparameters, the
reconstructed H(z) function is shown in Fig. 1(a) along
with the data points used in our analysis (Table I). We
also plot the quantity H(z)/(1 + z) as a function of z
in Fig. 1(b), which shows a minimum at z ' 0.62, cor-
responding to the recent deceleration/acceleration tran-
sition. The evolution of Ωm(z) [Eq. (12)] is shown in
Fig. 2(a) adopting Ωm0 = 0.308 ± 0.012, as given by
the Planck collaboration [51] and in Fig. 2(b) adopting
Ωm0 = 0.279± 0.025, as given by the WMAP collabora-
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FIG. 3: a) The growth factor on sub-Hubble scale obtained solving Eq. 7b using the Planck 2015 Ωm0 value. The solid line
corresponds to the reconstruction whereas the shaded regions represent 1σ and 2σ confidence levels. b) The same as in the
previous panel assuming the value of Ωm0 given by the WMAP collaboration.
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FIG. 4: The growth rate of the matter perturbation. The solid line corresponds to the reconstruction whereas the shaded
regions represent 1σ and 2σ confidence levels. a) The growth rate obtained assuming the value of Ωm0 given by the Planck
collaboration. b) The same as in the previous panel assuming the WMAP Ωm0 value. c) The same as in the previous panels
assuming Ωm0 = 0.399 ± 0.027, as obtained from SNe Ia observations [54]. The data points were taken from Table II of Ref.
[53]
tion [52].
After reconstructing the expansion rate H(z) we cal-
culate the density contrast solution (7b) in an iterative
way. We perform the calculation of δ(z) considering the
two different values of the present-day matter density
parameter as mentioned above. The unique free param-
eter in Eq. (7b) is δ′0 and we need to find an appro-
priated value for it. From the perturbation theory we
expect δ ∝ a = 1/(1 + z) at high-z. Therefore, the
growth factor g(z) = (1 + z)δ(z) must satisfy the con-
dition g(z) → const. in this limit. We fix the value of
δ′0 when we reach the required behaviour of g(z) close to
z = 2.34, the highest redshift of our data set. For the
Planck and WMAP values of Ωm0, respectively, we esti-
mate δ′0 = 0.515±0.003 and δ′0 = 0.485±0.003 at 1σ. The
calculated g(z) functions are shown in Fig. 3. We note
that they are very similar to the ones obtained in Ref. [22]
using a non- parametric smooth reconstruction from SNe
Ia data. As expected (see Sec. II), the g(z) reconstructed
function depends significantly on the present-day value of
the matter density parameter assumed in the analysis.
In the reconstruction of the growth rate f(z), δ′0 plays
an important role because these quantities are related
through f(0) = −δ′0. The resulting reconstruction, the
growth rate as a function of z, is shown in the Fig. 4.
For comparison, we also display current measurements of
this quantity, as discussed in Ref. [53]. The clear com-
patibility between the reconstruction of f(z) from cosmic
chronometers data and the measurements of the growth
rate from galaxy surveys can be seen as a measure of
consistency of the theoretical treatment introduced in
Ref. [22] as well as of the non-parametric method of re-
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FIG. 5: The growth index γ(z) of matter perturbation. The solid line corresponds to the reconstruction from GP whereas the
shaded regions represent 1σ and 2σ confidence levels. a) The growth index obtained assuming the Planck Ωm0 value. b) The
same as in the previous panel assuming the value of Ωm0 given by the WMAP collaboration.
construction used in the present analysis. More impor-
tantly, for the values of Ωm0 given by the current CMB
experiments, the results of Fig. 4 show a good agreement
with the standard cosmological description, i.e., a general
relativistic universe described by the FLRW line element
and whose matter content is covariantly conserved (see
Sec. II). Note, however, that this conclusion may change
if one considers values of the matter density parameters
far from the current CMB interval. This is clearly seen in
Fig. 4c which assumes Ωm0 = 0.399± 0.025, as obtained
from a recent analysis of type Ia supernova data (assum-
ing the ΛCDM model) [54]. Quantitatively speaking, a fit
of the f(z) data to the f(z) reconstructed curves provides
χ2 = 7.51 and χ2 = 5.20 for the values of Ωm0 displayed
in Panels 4a and 4b, respectively, and χ2 = 25.80 for the
SNe Ia value considered in Panel 4c.
Finally, we also calculate the growth index γ using the
reconstructed function of f(z) and the CMB values of
Ωm0 discussed above. At z = 0, we found γ0 = 0.56±0.12
(2σ) and γ0 = 0.57±0.13 (2σ) for the Planck and WMAP
values of Ωm0, respectively. From our reconstruction,
the growth index is more effectively constrained at z =
0.09, i.e., γ = 0.57 ± 0.11 (2σ), assuming the interval of
Ωm0 given by the Planck collaboration. For the WMAP-
9 estimate of the matter density parameter, we found
a very similar value at z = 0.05. Note also that the
current precision of theH(z) measurements is not enough
to place significant constraints on the γ′0 value, which
could provide a test of the ΛCDM model [40]. The final
reconstruction of the growth index is presented in Fig. 5.
V. CONCLUSIONS
In this work we have performed a non-parametric
reconstruction of the cosmic expansion with cosmic
chronometer and high-z quasar data using the method of
Gaussian Process. As discussed in Ref. [47] the cosmic
chronometer data until z ∼ 1.2 are independent of cosmo-
logical and stellar population models. We have followed
Ref. [22] and calculated the most representative pertur-
bative quantities in the GR frame with non-clustering
DE, assuming spatial homogeneity and isotropy. For the
values of Ωm0 given by the current CMB experiments,
we have found a good agreement between current growth
rate measurements and the growth rate reconstructed us-
ing the H(z) data displayed in Table I (see Fig. 4). In
other words, this amounts to saying that no evidence for
a deviation from the standard cosmological description
has been found in our analysis. On the other hand, a
direct comparison of the reconstructed functions (g(z),
f(z) and γ(z)) assuming different values of the matter
density parameter clearly show the significant influence
of this quantity in the calculations of the matter pertur-
bations.
We have also derived the value of the growth index
at the present epoch, i.e., γ0 = 0.56 ± 0.12 (2σ), whose
evolution is almost constant until z = 1. Such a result
is compatible with the ΛCDM expected value γ = 0.545
and with its first derivative γ′0 ' −0.015 [40]. Finally, we
have shown that the reconstruction from the subsample
of H(z) data used in our analysis constrains the growth
index to the interval 0.51 < γ(z) < 0.62 (1σ) at z =
0.09. Using a different approach and assuming a constant
growth index, Ref. [55] found 0.505 < γ < 0.869 (1σ).
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